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HOMOTOPY LINEAR CONNECTIONS 
ALONG HOMOTOPY LIE-RINEHART ALGEBRAS 

LUCA VITAGLIANO 



Abstract. I propose a definition of left/right connection along a strong homotopy Lie-Rinehart 
algebra. This allows me to generalize simultaneously representations up to homotopy of Lie algebroids 
and actions of Loo algebras on graded manifolds. I also discuss the Schouten-Nijenhuis calculus 
associated to strong homotopy Lie-Rinehart connections. 
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\-^ 
^ , 1. Introduction 



Let g be a vector space over a field K. Lie brackets in g correspond bijectively to DG coalgebra 
structures on the exterior coalgebra A^g (and to Gerstenhaber algebra structures on the exterior 
algebra Kkq) ■ Moreover, the homology of A^g is that of g. Now, let L be a module over an associative, 
commutative, unital algebra A. In |TT], Huebschmann remarks that there is no way to endow AJ^L 
(-H ■ with a DG coalgebra structure corresponding to a given Lie-Rinehart (LR) structure on {A, L) (see 

Section [Ol for a remainder on the notion of LR algebra). Instead, LR structures on (A, L) correspond 
bijectively to Gerstenhaber algebra stuctures on the exterior algebra A^L. What is then the relation 
between Gerstenhaber structures and the cohomology of LR algebras? Huebschmann finds an answer 
in terms of Batalin-Vilkovisky (BV) algebras (I refer to |11J for the notion of Gerstenhaber, BV algebras 
and their relation with LR algebras). In particular, he shows that, given an LR-algebra (A,i), 



(1) BV algebra structures on A^L correspond bijectively to right (A, L)-module structures in A, 
and 
CO \ (2) if L is projective as an A-module, then a BV algebra structure in KaL computes the homologies 

■^ ■ of (A, L) with coefficients in the right module A. 

"^ ' In |14| Huebschmann himself explores higher homotopy generalizations of LR, Gerstenhaber, and 

f^ , BV algebras with the aim of «unify[ing] these structures by means of the relationship between Lie- 

Rinehart, Gerstenhaber, and Batalin-Vilkovisky algebras» first observed in [TT], and the hope that 
this will have been «a first step towards taming the bracket zoo that arose recently in topological field 

. ,_, theory». The higher homotopies which are exploited in [T3] «are of a special kind, though, where only 

j^ \ the first of an (in general) infinite family is non-zero». 

H ' In the literature, there already exist higher homotopy generalizations of LR [16J, Gerstenhaber [3], 

- - -' and BV [55] algebras (see also [38J, and [8J for an operadic approach to homotopy Gerstenhaber and 

homotopy BV algebras respectively). One of the aims of this paper is to generalize Huebschmann's 
results [TTl [T¥| to a setting where all higher homotopies (in the infinite family) are possibly non-zero. 
To achieve this goal, I generalize first the notions of (left/right) LR connection, and (left/right) LR 
module [11 j. As a byproduct, I obtain a rather wide generalization of various constructions scattered 
in the literature. Namely, the Li?oo modules defined in this paper generalize 

(1) representations up to homotopy of Lie algebroids [T]. Namely, LRoo modules may be under- 
stood as representations of LR^o algebras, which are homotopy versions of LR algebras, which, 
in their turn, are purely algebraic generalizations of Lie algebroids. 
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(2) actions of Loo algebras on graded manifolds \27\ . Namely, LRoo algebras generalize Loo al- 
gebras and actions of the latter on graded manifolds are special instances of actions of LRoo 
algebras on graded algebra extensions (see Section 1^75)) . 

(3) actions of Lie algebroids on fibered manifolds and derivative representations of Lie algebroids 
|19j . Namely, similarly as above, actions of LRoo algebras on graded algebra extensions are 
purely algebraic and homotopy versions of actions of Lie algebroids on fibered manifolds. 

Finally, I obtain a generalization, to the homotopy setting, of the standard Schouten-Nijenhuis 
calculus on multivectors and, more generally, exterior algebras of Lie algebroids. 

On another hand (left /right) modules over LR algebras are key concepts in the theory of I?-modules 
[29l [25| . Recall that a P-module is a (left /right) module over the algebra V of linear differential 
operators on a manifold. Since V is the universal enveloping algebra of the LR algebra of vector fields, 
a left P- module is actually the same as a module with a flat connection, i.e., a module with a left 
representation of the LR algebra of vector fields. This explains the relationship with LR algebras. 
P-modules provide a natural language for a geometric theory of linear partial differential equations 
(PDE), and define a rich homological algebra [33]. The datum of a linear PDE can be encoded by 
a P-module, whose homological algebra contains relevant information about the PDE (symmetries, 
conservation laws, etc.). More generally, the datum of a non-linear PDE can be encoded by a diffiety (or 
a P-scheme) i.e., a countable-dimensional manifold with a finite-dimensional, involutive distribution. 
Vector fields in the distribution form again an LR algebra, and, similarly as before, modules over this 
LR algebra contain relevant information about the non-linear PDE. The idea of building a theory of 
X'-modules (and 2?-schemes) up to homotopy is intriguing. This paper may represent a first (short) 
step in this direction. 

1.1. Conventions and notations. I will adopt the following notations and conventions throughout 
the paper. Let (., m be positive integers. I denote by S'^.m the set of (i?, m)-unshuffles, i.e., permutations 
(T of {1, . . . , ^ -|- m} such that 

ct(1) < ••• < cr(^), and a{i + l) <■■■ <a{l + ra). 

If S* is a set, I denote 

S""^ -.^Sx-'-xS. 

k times 

Every vector space will be over a field K of zero characteristic. The degree of a homogeneous element 
V 'm a, graded vector space will be denoted by v. However, when it appears in the exponent of a sign 
(— ), I will always omit the overbar, and write, for instance, (— )" instead of (— )". 

Let V^ be a graded vector space, 

and a a permutation of {1, . . . , n}. I denote by a{ij,v) the sign implicitly defined by 

l'a(l) ■ • • O W<^(„) = "(o-, v)viQ---QVn 

where is the graded symmetric product in the symmetric algebra of V . 

In this paper, I will deal with algebraic structures generalizing Loo algebras and their modules (see, 
for instance, [24. 23j). Loo algebras, also named strong homotopy (SH) Lie algebras, are homotopy 
versions of Lie algebras, i.e., Lie algebras up to homotopy. More precisely, an Loo algebra is a graded 
vector space V equipped with a family of fc-ary, graded skew-symmetric, multilinear, degree 2 — k 
operations 

Afe : V"" -^V, fc e N, 
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such that 

Yl (~)'^ Yl (-)''"(^'^)^j+i(^*K(i),---,wa(i))'"'T(j+i),---,v»+j)) ==0, 

i+j—k o-^Sij 

for all V = (vi, . . . ,Vk) S V^'^, fc G N. This is the classical notion of Loo algebra [24J. However, I 
will refer instead to an equivalent notion where degrees are shifted and the structure maps are graded 
symmetric, instead of graded skew-symmetric. Following [32], I call such an equivalent notion an ioo[l] 
algebra (see also [39J). Using ioo[l] algebras simplifies the signs in all formulas of this paper. 

Definition 1. An ioo[l] algebra is a graded vector space V equipped with a family of k-ary, graded 
symmetric, multilinear, degree 1 maps 

Afc ■.V'' ^V, ke N, 

such that 

Y Y "(^'■")^J + l(-^»(^<T(l)'---''^CT(j)),l^ff(j+l),---,WrT(j+j)) = 0' 

for all V = {vi, . . . ,Vk) G V^'', fc G N (in particular, (V, Ai) is a cochain complex). 

Loo algebra structures on V correspond bijectively to Loo[l] algebra structures on the suspension 
V[l\ :— 0j ^[1]*, where ^[1]* := V^'^^ . The bijection is obtained by applying the decalage isomorphism 
(between exterior powers of V and symmetric powers of V) : 

h^V — ^ S^V[l\, Vl A • • ■ A Wfc ^^ (_)(fe-l)Bl + (fe-2)«2+- + D.-i^^ . . .^^^ 

where Vi is the degree of Vi in V . 
Let V be an Loo[l] algebra. Definition below is the Loo[l] version of a the definition of Loo-module 

m- 

Definition 2. An Loo[l] module over V is a graded vector space W equipped with a family of k-ary, 
multilinear, degree 1 maps 

^^ .-j^x(fe-i) ^^ — yW, fceN, 

which are graded symmetric in the first fc — 1 arguments, and such that 

Y Y "(^''")Mi+l('^j(^'<T(l),---:«(T(i))''"'T(»+l)'--->'^T(i+j)|w) 

i+j—k—1 crGSij 

i+j=k-l aeSij 

for all V = [vi, . . . ,Vk) E V^'', w G W, fc G N (in particular, {W,ni) is a cochain complex), where 

X = Va(l) H VVa(i)- 

In a similar way one can write a definition of right Loo[l] module, generalizing the standard notion 
of right Lie algebra module. Since, apparently, such a definition does not appear in literature, I record 
it here. 

Definition 3. A right -Loo[l] module over V is a graded vector space Z equipped with a family of 
k-ary, multilinear, degree 1 maps 



Pk 



^.-^x(fe-i)^^ — > z, fceN, 



4 LUCA VITAGLIANO 

which are graded symmetric in the first k — 1 arguments, and such that 

i-\-j^k—l (T^Sij 

- X! ^{-Y^{'^l'")P^+A'"o(\)l■■■■,^o{i)\P3+A'"'y{^+l)l■■■l^<y{^^+i,)\z))=^ (2) 

for all V = {vi, . . . ,Vk) G V^'', z E Z , k E N (in particular, [Z,p\) is a cochain complex). 

Notice the minus sign in front of the second summand of the left hand side of (0) , in contrast with 
Formula (P). 

2. Left and Right Representations of Lie-Rinehart Algebras 

2.1. Lie-Rinehart Algebras. Lie-Rinehart algebras appear in various areas of Mathematics. In 
differential geometry, they appear as spaces of sections of Lie algebroids. The prototype of a Lie 
algebroid is the tangent bundle. Accordingly, vector fields on a manifold form a Lie-Rinehart algebra. 
In its turn, the theory of Lie algebroids proved to encode salient features of foliation theory, group 
action theory, Poisson geometry, etc. In this section, I report those definitions from the theory of Lie- 
Rinehart algebras that are relevant for the purposes of the paper. For more details about Lie-Rinehart 
algebras, see [TJ] and references therein. 

A Lie-Rinehart (LR) algebra is a pair {A, L) where A is an associative, commutative, unital algebra 
over a field K of zero characteristic, and L is a Lie algebra. Moreover, L is an A-module and A is a 
i- module (with structure map a : L — > End^A, called the anchor). All these structures fulfills the 
following compatibility conditions. For a,b E A and ^, C G i 

a{0{ab) = a{0{a)b + aaiOib) 

{aaiOm = aa{0{b) 

[e,aC]=«(C)(a)C + «K,C]- 

The first identity tells us that L acts on A by derivations. The second identity tells us that the anchor 
a : L — > DcrA is A-linear. The third identity tells us that for all ^ G i, the pair ([^, • ],a(^)) is a 
derivation of L. Recall that a derivation of an A-module P is a pair X = {X, ax) where X : P — > P 
is a iiT-linear operator and ctx is a derivation of A, called the symbol of X, such that, for a E A, and 
peP 

X{ap) = cFxia)p + aX{p). 

Denote by DerP the set of derivations of P. Notice, for future use, that there are two different A- 
module structures on DerP. The first one has structure map (a, X) i — > a^X :— {aX, aax). The second 
one has structure map (a,X) i — > a^X := {X o a,aaji). Here, a is interpreted as the multiplication 
operator A — > A, b i — > ab. Write Der P for DerP with the first A-module structure, and Der P for 
DerP with the second A-module structure. 

The prototype of an LR algebra is the pair {A, Dei A), with Lie bracket the standard commutator 
of derivations, and anchor the identity. It is easy to see that both (A, Der P) and {A, Der P) are 
also LR algebras with Lie bracket the standard commutator, and anchor X i — > ax- In differential 
geometry LR algebras appear as pairs {A, L) where A is the algebra of smooth real functions on a 
smooth manifold M, and L is the module of sections of a Lie algebroid over M. 

2.2. Connections along Lie-Rinehart Algebras. Connections along LR algebras are the algebraic 
counterparts of connections along Lie algebroids [71 SO]. Let {A, L) be a LR algebra and P, Q be A- 
modules. A left (A, L)- connection in P (or, a left connection along (A, L)) is a map V : L — > Endif P, 
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written ^ i — > V^, such that, for a E A, £^ ^ L, and p E P, 

V^{ap) = a{£,)p + aV^p, 

The first identity tells us that the pair (V^,a(^)) is a derivation. The second identity tells us that the 
map L — > Der P, ^ i — > (V^,a(^)) is A-linear. A left (A, i)-connection V is flat if, for all C,^ e L, 

[Vc,Vc]-Vk,c]=0, 

which tells us that that V is a homomorphism of Lie algebras. Left connections along Lie-Rinehart 
algebras generalize the standard differential geometry notion of linear connections in vector bundles. 
Let P be an A-module and V an {A, L)-connection in it. There is an associated sequence 

— ^ P ^ HomA(L,P) ^ > A\t'x{L,P) ^ Alt^+i(L,P) ^ • ■ • (3) 

defined via the Chevalley-Eilenberg formula 

{D^m^,,. . . ,a+i) :-^(-)'+ive,f^(a, • • • ,c», • ■ -,6+1) 

i 

where a hat ^denotes omission, fl e Alt^(L, P) is an A- multilinear, alternating map i^'"' — > P, and 
^1, . . . ,^A;+i £ i- If V is flat, _D^ is a differential, i.e. D'^ o D^ = 0, and sequence ([3]) is a (cochain) 
complex. Chevalley-Eilenberg complexes of Lie algebras, de Rham complexes of smooth manifolds, 
and, more generally, Chevalley-Eilenberg complexes of Lie algebroids are of the kind ([3]). 

A right (A, L)- connection in Q (or, a right connection along (A, L)) is a map A : L — > End^Q, 
written ^ i — > A^, such that, for a G A, ^ G P, and q E Q, 

A^iaq) = -aiOq + aA^q- (4) 

Aaiq = A^{aq). (5) 

Notice that the operators A^ are usually written as acting from the right. I prefer to keep a different 
notation which is simpler to handle in the graded case. Identity ^ tells us that the pair (A^, — a(0) 
is a derivation. Identity (O tells us that the map L — > Der Q, ^ i — > (A^, — a(^)) is A-linear. A right 
{A, L)-connection A is flat if, for all (,£^ E L, 

[Ae,Ac]+A[^,^]=0, 

which tells us that A is an anti-homomorphism of Lie algebras. 
Let Q be an yl-module and A an (A, L)-connection in it. There is an associated sequence 

O^Q<^L®aQ< <^ AaL ®aQ<^ A'a^L ®AQi (6) 

defined via the Rinehart formula [3D] 

D^i^i A • • • A a+i ® q) :-$](-)''+■'' [6, Cj] A a A • • • A f, A • • • A g- A • ■ • A ^fc+i «> q 

i<j 

+ Xl(-)'^^^1 A • • • A f, A • ■ • A a+l ® A^^q, 

i 

£,It . ■ ,Cfe+i (^ L, q £ Q. If A is flat, D^ is a differential, i.e. D'^ o D^ — 0, and sequence ([6]) is a 
(chain) complex. The Diff-Spencer complex (dual to the first Spencer sequence) of a linear differential 
operator [2J is of the kind ^. Another, closely related, motivation for considering both left and right 
connections along LR algebras is the following. Let T) be the algebra of linear differential operators 
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over A. In general, 2? is a non-commutative agebra. There are obvious inclusions A, DeiA C V, and 
two different j4-module structures in V with structure maps (a, D) i — > a o D, and (a, D) i — > D o a 
respectively. Here, a is interpreted as a differential operator of order 0. Write V^ for V with the first 
j4-module structure, and V^ for V with the second A-module structure. Now let ^ be a derivation of 
A. Define an operator V^ : 2?^ — > V^ (resp., A^ : D^ — > V^), by putting V^D := ^ o D (resp., 
A^n :— n o ^). Both V^ and A^ are derivations of A-modules (beware, that neither V^, nor A^ is a 
derivation of the algebra V). Even more, V is a flat left {A, DerA)-connection in 2?^. Similarly, A is a 
flat right {A, DerA)-connection in V^. More generally, there are canonical left and right connections 
in the universal enveloping algebra of any LR algebra. 

Notice that, under suitable regularity conditions on L, namely, L being a projective and finitely gen- 
erated j4-module of constant rank q, right {A, L)-connections in an A-module Q are actually equivalent 
to left (A, i)-connections in A'^L(S^Q. Moreover, the equivalence identifies the Reinehart sequence ^ 
of Q and the Chevalley-Eilenberg sequence ^ of A^L®yi Q |12j . This is the case, for instance, when L 
is the module of sections of a (finite dimensional) Lie algebroid (over a connected manifold). However, 
in the general case, right and left (A, L)-connections are distinct notions. 

All the notions in this sections, in particular that of LR algebra, have a graded analogue, which can 
be easily guessed exploiting the Koszul sign rule. 

3. Derivations and Multiderivations of Graded Modules 

3.1. Derivations. LR algebras have analogues up to homotopy, which are known as strong homotopy 
(SH) LR algebras [111 [TH [33]. SH LR algebras were introduced by Kjeseth in (TB], under the name 
homotopy Lie-Rinehart pairs, and appear naturally in different geometric contexts, e.g., BRST-BV 
formalism [T7], fohation theory [TH [351 |3Z| , complex geometry [H], action of Loo algebras on graded 
manifolds (see Section [5751 of this paper). Kjeseth's definition of a homotopy Lie-Rinehart pair makes 
use of the coalgebra concepts of subordinate derivation sources, and resting coderivations. In a simi- 
lar spirit, Huebschmann proposed an equivalent definition making use of coderivations, and twisting 
cochains [TS]. In this paper, I propose a third, equivalent (but, perhaps, somewhat more transpar- 
ent) definition in terms of multiderivations of graded modules. I summarize the relevant facts about 
multiderivations in this Section. Propositions 151 [^ [TUl [TT1 will play a key role in the sequel. 

Let A be an associative, graded commutative, unital algebra, and let P, Q be A-modules. If there is 
risk of confusion, I will use the name A-module derivation for a derivation of an A-module to make 
it clear the distinction with derivations of algebras. Namely, a graded A-module derivation of P (or, 
simply, a derivation, if there is no risk of confusion) is a pair X = (X, ctx), where a^ is a graded 
derivation of A, called the symbol of X, and X is a K-Vme&i, graded operator X : P — > P such that 

X{ap) = i-f'^aXip) + ax{a)p, a e A, p e P. 

Notice that, in general, X does not determine ctx uniquely. That is the reason why I added the datum 
of ax to the definition of a derivation. However, if P is a faithful module, ax is determined by X 
and one can identify X with its first component X. Accordingly, I will sometimes write X(p) for X[p) 
and use other similar slight abuses of notation without further comment. Beware that a left A-module 
derivation of A is not an ordinary derivation, in general. Rather, it is a first order differential operator. 

Example 4. Let ip : P — > P be an A-linear map. Then {ip, 0) is a derivation. 

I will denote by Der^P (or simply DerP if there is no risk of confusion) the set of left derivations of 
P. There are two different v4-module structures on DerP. The first one has structure map (a, X) i — > 
{aX, aax)- The second one has structure map (a, X) i — > ((— )"^X o a, aax)- Here, a is interpreted as 
the multiplication operator P — > P, p i — > ap. Write Der^P (or simply Der P) for DerP with the 
first ^-module structure, and Der^P (or simply Der P) for DerP with the second A-module structure. 
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Both (A, Der P) and {A, Der P) are graded LR algebras with Lie bracket given by 

[X,X']:=([X,X'],K,ax']), 

and anchor X i — > ax- 

Derivations of A-modules can be extended to tensor products and honiomorphisms as fohows. Let 
P, P' be ^-modules and let X, and X' be derivations of P, and P' respectively. Suppose that X, and 
X' share the same symbol a — ax — fx' • It is easy to see that the operator X'^ : P(E>k P' — > P^k P' 
defined by 

X®{p®p') := {Xp) ®p' + {^yPp (S> {X'p') 

descends to a well defined operator on P (E)a P' , which, abusing the notation, I denote again by 
X®. Moreover X® := (X^^a) is a derivation. Similarly, the operator X"°™ : Hom^ (P,P') — > 
Homif (P,P') defined as 

(XH°"V)(P) := X'ipip) - i-r^ifiXp) 
descends to an operator X^"'"" on HomA(P,P') and X""™ := (X"°™,cr) is a derivation. 

3.2. Mult ideri vat ions. Now, I generalize the notion of derivation to that of multiderivation. First I 
discuss multiderivations of algebras. 

Definition 5. A multiderivation of A with k entries is a graded symmetric, K-linear operator H : 
A^'^ — > A, such that 

H{ai,...,ak-i,ab) = H{ai, . . . ,ak-i,a) ■ b+ (-)"'' i/(ai, ... ,afe_i, 6) • a, 

for all ai, . . . , a^-i, a, 6 e A. 

Denote by Der A the set of multiderivations oi A with k entries. In particular, Der'^A = A and Der^A 
consists of standard graded derivations of A. Clearly, Der "A is a graded A-module. Put Der' A := 
0j,Der A, which is naturally bi-graded. However, the total degree will be of primary importance for 
the purposes of this paper. The A-module Der' A can be given the structure of a graded Lie algebra 
(beware, not bi-graded) as follows. For H € Der'' A, and iP G Be/ A, let [H, H'] e Der'^+^'^A be 
defined by 

[H, H'] -.^HoH' - {-)""' H' o H, 
where H o H' is given by 

Formulas of the kind ([7]) will often appear below. Apparently, this kind of formulas first appeared 
in [5] (for the case of a, generically non commutative, ring). Accordingly, I will refer to them as 
Gerstenhaber-type Jomulas, without further comment. 
Now, let L be an A- module. 

Definition 6. An A-module multiderivation of L (or, simply, a multiderivation, ij there is no risk of 
confusion) with k entries is a pair X = {X, ax) where ax is a graded symmetric, A-multilinear map 
ax ■ L^^^~^' — > Tier A, called the symbol o/ X, and X is a graded symmetric, K -multilinear map 
X : L^'^ — > L, such that 

X(a, . . . ,6-1, <fc) = M^U- ■ • ,a-i|fl) ■ a + i-r'a ■ X(6, . . . ,6), 

where x' = (-^+Cl^ \-^k-i)a, and I put X{^i, . . . ,£_k-i\a) := X(6, . . . , 6_i)(a), for all ^i, . . . ,^k G 

L, a e A. 

Example 7. Let X — {X, ax) be an A-module multiderivation. If A — K , then ax = Q o,nd X is 
simply a K -multilinear map. Conversely, every K -multilinear map is a K-module multiderivation. 
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A version of Definition [5] appeared in [5j (Section 2.1). However, in that paper, the authors consider 
skew-symmetric multi-derivations of ungraded modules of smooth sections of vector bundles. I consider 
symmetric multiderivations for convenience. One can pass from the latter to the former via suitable 
decalage isomorphisms. 

3.3. Lie algebras of multiderivations. Let Der^L (or simply Der L) denote the set of multideriva- 
tions of i with k entries (beware that, in [5J, the authors denote by Der skew-symmetric multideriva- 
tions with k + 1 entries). In particular, Der'^L = L and Dcr^L = Deri. Clearly, Der'L is a graded 
j4-module. Put Der^L = Der'L := 0^. Der^L, which is naturally bi-graded. The ^-module Der'L 
can be given the structure of a graded (not bi-graded) Lie algebra as follows. For X a multiderivation 
with k entries, and Y a multiderivations with i entries, let [X, Y] be the multiderivation with k + i—1 
entries defined by 

[X,Y]:=([X,r],a[x,Y]), 
where 

[X, Y]:=X oY - (-)^^y o X, 
X oY being given by a Gerstenhaber-type formula ([7]) , and 

^[x.Y] := crx o r - (-)^^crY o X + [ax, cty] 
where ctx o 1^ is given again by a Gerstenhaber-type formula, and [ctx, cty] is given by 

[o-X,0-y](Ci, . . . ,ffc+(?-2) :== 2^ {-)^a{cr,^)[axiCa{l),- ■ ■ ,£.a{k-l)),<^YiCcr{k),- ■ ■:icr{k+e-2))], (8) 



creSk- 



1,£-1 



with X = ^{L(i) + ■■■ + ^aik-1)), and ^ = (Ci, . . .,^k+i-2) e Lx('=+^-2). 

Now, consider the graded commutative algebra Sym^(L, A) of graded symmetric forms on L, i.e., 
j4-multilinear, graded symmetric maps L x ■ ■ ■ x L — ¥ A. Consider also the symmetric algebra S\L 
of L. I will refer to elements in S\L as symmetric tensors (or just tensors). See Appendix \X\ for 
notations about forms and tensors and structures on them relevant for the purposes of this paper. 

Proposition 8. There is a canonical morphism of graded Lie algebras 

rj : Der'L — > {derivations o/ Sym^(L, A)}, 

such that, rj maps multiderivations with k entries to derivations taking (.-forms to {k + £ — \)-forms. 
Moreover, if L is projective and finitely generated, then rj is an isomorphism. 

Proof. Let X be a multiderivation with k entries and oj an ^-form. Put 

r;(X)(w) := o-x o cj - (-)^"w o X, 

where uj o X is given by a Gerstenhaber-type formula and 

{(Jxouj){S,i,...,(,k+i-i).= ^ (-)'^a(cr,l)crx(C<T(i),---,C<7(fc-i)k(?<7(fe),---,C<T(fc+£-i))), (9) 

with X = w(^ct(i) + • ■ ■ +Ccr(fe-i))j and ^ = (^i, . . . ,^fc+£-i) G L^('^+^~-^). A careful but straightforward 
computation shows that 77 is a well defined morphism of graded Lie algebras. 

Now, let L be projective and finitely generated. Then L ~ L** and an inverse homomorphism ry"^ is 
implicitly defined as follows. Let £* be a derivation of Sym^(L, A) taking ^-forms to {k-\- 1— l)-forms, 
and let tu E L* = Homyi(L, A) be a 1-form. Put ri~^{D) := {Xd, cd), where 

aniiu • • . , (,k-i\a) :- {-Y{Da){iu . . . , Cfc-i), 
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with X = (Ci H 1- ^fe-i)a, and 

k 

with x' = w(a + ■ • ■ + I + ■ • • + Cfc) + 6te+i + • ■ • + 6), and a, • • • , Cfe e L. n 

Proposition 9. There is a canonical inclusion of graded Lie algebras 

V : Der'i — > {multiderivations of S\L}, 

such that V maps surjectively k-entry multiderivations to k-entry multiderivations taking S^L x ■ • • x 
S'^L to S'X+''+-+'''-^L. 

Proof. Let X be a multidcrivation of L. It is easy to see that X can be extended to S\L as a 
multiderivation. D 

3.4. Derivation valued symmetric forms. Now, let P,Q be A-modules, and C^{P) be the set of 
pairs (X, V), where X is a multiderivation of L with k entries, and V is an Der P-valued (fc — l)-form, 
i.e., a graded symmetric, yl- multilinear map V : L^('^^i) — s> Der P, such that, for all a, ... , S,k-i & L 

f^V(6,...,?fc-i) =Crx(Cl,---,Cfc-l)- (10) 

In other words 

V(6,---,6-i|ap) = (-)^aV(Ci,...,6-ib) + crx(6,---,^fc-i|a)P, 

where x = (V + ^ + • ■ • + Cfe-i)a, a^A,p(^P. Put C{P) := 0^ C^{P). 

Similarly, let T&iQ) be the set of pairs (X, A), where X is as above and A is an Der Q-valued 
[k — l)-form, i.e., a graded symmetric, A-multilinear map A : L^C^^i) — ^ Der Q, such that, for all 
£.!:■■ ■ ,^k-i e L 

'7A(Ci,...,C;c-l) = -Crx(Cl,---,6-l)- (11) 

In other words 

M^i,---,^k~i\aq) = (-)^ aA{£,i,...,^k-i\q) - (Tx{^i, ■ ■ ■ ,£,k-i\a)q, 

where x' = (A + ^i + • • • + £^k~i)a, a E A, q E Q. Notice the minus sign in the right hand side of pTj) . 
in contrast with Formula ^. Put 7^(Q) := 0fe7^''(Q). 

Both £(P) and TZ{Q) can be given a structure of graded (not bi-graded) Lie algebra as follows. For 
(X, V) G C'Ip), and (X', V) S £\P), let [(X, V), (X', V')] e £'=+^-i(P) be defined by 

[(X,V),(X',V')]:=([X,Y],V"), 

with 

V" :==VoX'-(-)^^'v'oX+[V,V'] (12) 

where V o y is given by a Gerstenhaber-type formula, and [V, V] is given by a similar formula as ([5|). 
Similarly, for (X, A) G 7^'=(P), and (X', A') e 7^'^(P), let [(X, A), (X', A')] G 7^''^+^-l(P) be defined by 

[(X,A),(X',A')]:=([X,Y],A"), 

with 

A" :== A o X' - (-)^^'A' o X - [A, A']. (13) 

Notice the minus sign in front of the third summand of the right hand side of (|13p , in contrast with 
Formula P^ . 
I will say that an element (X, V) of i2(P) (resp., TZ(P)) is subordinate to the multiderivation X. 
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Proposition 10. There is a canonical morphism of graded Lie algebras 

rj : C{P) — > {Sym j^{L, A) -module derivations o/ Syni^(i, P)} 

such that, for (X, V) £ C^{P), rj^i^, V) takes t-forms to {k + £ — l)-forms, and the symbol ofr]^(K, V) 
is r]{'K). Moreover, if L is projective and finitely generated, rj^ is an isomorphism. 

Proof Let (X, V) G C{P). Put r/^(X, V) :== {D,'q{X)), where, for any P-valued form n, 

D{n) := Vof7-(-)™f7oX, 

with fl o X being given by a Gerstenhaber-type formula, and V o fj being given by a similar formula 
as ©■ A careful but straightforward computation shows that 77^ is a well defined morphism of graded 
Lie algebras. 

If L is projective and finitely generated, 77 is invertible and one can define {r]^)~^ as follows. Let 
D = {D, era) be a Sym^(i, A)-module derivation of Sym^(L, P) such that D takes £-forms to {k+£—l)- 
forms. Put 

where 

VD(a, . . . ,a-ib) := i-nopMu ■ ■ . ,a-i), 

where x = (Ci H ^ &-i)p, 6, ■ • ■ , Cfe-i e L, and pe P. D 

Proposition 11. There is a canonical morphism of graded Lie algebras 

rj : TZ{Q) — > {Sym^(_L, A)-module derivations of S\L ®a Q} 

such that, for (X, A) G 7^'=(Q), 77^(X, A) takes S'^L^aQ to S^a'^^^L^aQ, and the symbol ofri^{X, A) 
is rjCK). Moreover, if L is projective and finitely generated, rj^ is an isomorphism. 

Proof. Let (X, A) e 7^'=(Q). Put 77^'(X, A) := (D,r/(X)), with 

T-GSf-fc.fe 



^ (-)*a(CT,^)C^(i) ■■■^a(i+k-i) ®l^{£,a(ii+k),---,^<,(i)\q) 



creS, 



k-lJ-k+1 



where I put A{£,i, . . . ,^e\q) := A{^i, . . . ,^i){q), and x = X(^^(i) H ^L{k-i)), q e Q, £,1, . . . ,^e G L. 

A careful but straightforward computation shows that 77^ is a well defined morphism of graded Lie 
algebras. 

If L is projective and finitely generated, 77 is invertible and one can define (77^)^^ as follows. Let 
D = {D,an) be a Symy^(L, v4)-module derivation of SaL <E)a Q such that D takes Q ®a SaL to 
Q ®A S'a'^L. Put 

(77«)-i(D):=(77-iM,Az,), 

where 

Aij(6,---,ak):=^(6---a®g), 

^i,...,Cfc eL, qe Q. n 

Remark 12. Both rj^ and rj^ are bijective when restricted to elements with fixed first component 
X € Der^L in the domain, and derivations with symbol equal to 77(X) in the codomain. 
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Remark 13. In the following, it will he useful to consider suitable "completions" of some of the graded 
spaces that appeared in this section. Namely, put 

i5erM := HfeDer'^A, 

iSer^L = mv'L := HfeDer'^L, 

and, similarly, put 

c{p) -.^Yl.c^p), 

For instance, an element X in Der^L is a formal infinite sum 



= Xo + Xi + X2 + ■ • ■ = ^ 



fe=0 

of A-module multiderivations, such that X^ has exactly k-entries. Similarly, an element (X, V) in 
C{P) (resp., TZ(Q)) is a formal infinite sum 

00 
(X,V) = (Xo,Vo) + (Xi,Vi) + (X2,V2) + --- = 5](Xfc,Vfe) 

k=Q 

of elements in C{P) (resp., TZ{Q)), such that (Xfe, V/c) has k entries. All results in this section extend 
trivially to the above completions. For instance. The Lie brackets ofDer'^L, C{P) and TZ{P), extend 
to Der^i, C{P), Ti-iP) respectively, and the morphism rj extends to a bracket preserving map 

rj : Der^L — > {"formal" derivations 0/ Sym^(_L, ^)}, 

where, by a "formar' derivation D 0/ Syni^(L, A), / mean a formal infinite sum 

00 
D = Do + Di+D2 + --- = J2Dk 

k=0 

of standard derivations such that Dk maps i-forms to (k + £ ~ 1) -forms. Morphisms r]^ and rj^ extend 
in a similar way. I leave the obvious details to the reader. In the following, if there is no risk of 
confusion, I will refer to elements of Dev'A and Der'L simply as multiderivations. Similarly, I will 
refer to "formal" derivations of Symj^{L, A) simply as derivations. The careful reader will find even 
more uninfluential abuses of notations analogous to these ones scattered in the text. For the sake of 
readability, I will not comment further on them. 

4. SH LlE-RlNEHART ALGEBRAS 

Let A be an associative, graded commutative, unital iiT-algebra, L an A-module, and let X = 
Xq + Xi + X2 + ■ • • G Der'L be a multiderivation of L. 

Definition 14. A SH LR algebra, or an Li?oo[l] algebra, is a pair {A,L), equipped with a degree 1, 
multiderivation X such that, Xq = and the higher Jacobiator JJ(X) := 2[X, X] vanishes. 

Example 15. Let V be a graded K -vector space. Li?oo[l] algebra structures on [K,V) are equivalent 
to ioc[l] algebra structures on V . 

Example 16. Loo algebroids |31l [3] provide examples of SH LR algebras. Indeed, an Loo algebroid 
is a graded vector bundle £ over a non-graded smooth manifold M , equipped with a SH LR algebra 
structure on {A,L) := {C°°{M),T{£)). In particular, A is non-graded. Accordingly, SH LR algebras 
generalize Loo algebroids in two directions: first allowing for more general algebras A and modules 
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L than algebras of smooth functions and modules of smooth sections, and second allowing for graded 
algebras A. 

Let (j4,i) be an L_Roo[l] algebra with structure multiderivation X. The fc-entry component of X is 
the k-th bracket^ and the fc-entry component of ux is the k-th anchor of (A, L). In terms of brackets 
and anchors, the higher Jacobiator J(X) = (J(X),(Tj(x)) reads 



i+j—f^ (7GSi^j 



and 



i+j — k—1 (T^Sij 
i+j—k — 1 (T^Sij 

where x — ^(f<T(i) + • ■ • + ^a(i)), $, = {£.1, ■ ■ ■ ,£.k) £ L^'^, a G A, and, for simphcity, I omitted the 
subscript ^ in the fc-entry components of all if-multilinear maps. I will adopt the same notation below 
when there is no risk of confusion. The above formulas show in particular that X is an Loo [1] algebra 
structure on L, and ax is an Loo[l] module structure on A. 

4.1. SH LR algebras, differential algebras, and SH Poisson algebras. Let {A, L) be an Li?oo[l] 

algebra with structure multiderivation X. The morphism rj of Proposition [S] maps X to a degree 
1 (formal) derivation D = Di + D2 + ■ ■ ■ of Sym^(L, A). Since rj preserves the brackets, 13 is a 
homological derivation which amounts to X]t+7=fc[^i' ^j] — Oj ^'^^ ^^1 ^- I^i terms of anchors and 
brackets Dk is given by the following higher Chev alley- Eilenherg formula |36L I15| 



oeSk-i, 



where x — uj{S,a{i) + • ■ • + Ccr(fc-i))j w is an ^-form, and <^i, . . . , ^k+i~i G L. In view of Proposition [51 
if L is projective and finitely generated, then an Li?oo[l] algebra structure on [A^ L) is equivalent to a 
formal homological derivation D of Sym^(L, A) such that Dq = 0. 

Definition 17. The pair (Sym^(L, A), 13) is the Chevalley-Eilenberg DG algebra of {A,L) and it is 
denoted by CE(A,i). 

Notice that the projection 

CE(A,i)^(A,axJ (15) 

is a morphism of DG algebras. 

Example 18. Let V be an Lc>d[1] algebra. Then {K, V) is an Li?oo[l] algebra and CE(i^, V) is nothing 
but the Chevalley-Eilenberg algebra of V . 

Definition 19. A Poo algebra is an associative, graded commutative, unital algebra 3^ equipped with 
a degree 1 multiderivation A G Der*^ such that Aq = and J(A) := 2 [A, A] ~ 0. 

In other words a Pqo algebra structure on !^ (P for "Poisson") is an Loo [1] algebra structure such that 
the brackets are multiderivations |1]. Thus, Poo algebras are homotopy versions of Poisson agebras. 

Let (j4, L) be an Li?oo[l] algebra with structure multiderivation X. The morphism v of Proposition 
[HI maps X to a degree 1 derivation A = Ai + A2 + • • • of S\L. Since v preserves the brackets, then 
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[A, A] — 0. In view of Proposition [^1 an LR^\\\ algebra structure on (A, L) is actually equivalent to a 
Poo algebra structure A on S\L such that Aq = and A^ takes S^^L x • • • x S^-^L to S'^+^'+'+^'""^L. 

Example 20. Let A be the graded algebra of smooth functions on a graded manifold Ai and L be the 
module of sections of a graded vector bundle £ over Ai . Then L is projective and finitely generated. 
Moreover, S\L identifies with the algebra of fiber-wise polynomial functions on the dual bundle 8* , and 
symmetric forms on L identify with fiber-wise polynomial functions on £. In their turn, symmetric 
multiderivations of S\L identify with (homogenous, fiber-wise polynomial functions) onT*£*. Denote 
by { ■ , ■ }f the canonical Poisson bracket on C°°{T*£*). Finally recall that there is a canonical 
(Tulczyjew-type [34jj isomorphism (of double vector bundles over AA) T*£* ~ T*£. An LRoo[^] algebra 
structure in {A, L) is then the same as (see [3] for the case when A4 is a non-graded manifold, see also 
the appendix of |28j ). 

(1) a degree 1 function S on T*£* , such that {S,S}£- — 0, S is fiber-wise linear with respect to 
projection T*£* — > £ and vanishes on the graph of the zero section of T*£* — > £* , 

(2) a homological vector field on £ tangent to the zero section. 

I will name Loo[l] algebroid with graded base any graded vector bundle £ over a graded base manifold 
M with a homological vector field tangent to the zero section. Let £ — > A4 be an Loo[l] algebroid 
with graded base. Then, in particular, both £ and A4 are Q-manifolds (see, for instance, [261 [5] J. and 
the zero section is a morphism of Q-manifolds (however, beware that £ — > Ai is not, in general, 
a Q-bundle in the sense of [20jj. The "transformation L^o algebroids" of Mehta and Zambon (which 
are associated to the action of an L^o algebra on a graded manifolds, see Remark 4-5 in [27] j are 
examples of the -/voo[l] algebroids with graded base defined here. Actually the former can be generalized 
to transformation Loo algebroids associated to the action of an ioo[l] algebroid (with graded base) on 
a graded fibered manifold (see Example \38\ in Section [57 



5. Left SH LR Connections 

Left connections along SH LR algebras generalize simultaneously: connections along LR algebras to 
the homotopy setting, and representations of Loo algebras to the LR setting. 
Let {A, L) be an Li?oo[l] algebra with structure multiderivation X, and P an ^-module. 

Definition 21. A left (A, L)-connection in P is a degree 1, Der P-valued form V, such that (X, V) G 
C{P). TheDer P-valued form J {V) ■.= V oX + ^\SI ,V] is </ie curvature of V . A left [A, L)- connection 
is flat if the curvature vanishes identically. An A-module with a flat left (A, L)- connection is a left 
{A, L)-module. 

Example 22. Let V be an Loo[l] algebra. Then {K,V) is an ii?oo[l] algebra and left {K,V)-modules 
are just Loo[V\ modules over V . 

Remark 23. The curvature J(V) of a left [A, L)- connection is the second component of the commu- 
tator 

i[(X,V),(X,V)]=a(X),J(V)), 

whose first component vanishes identically. Accordingly, the symbol o/ J(V)(^i, . . . ,^fc_i) vanishes 
identically, for all ^i, . . . ,^k-i & L, k G N, i.e., J(V) takes values in End^^P. Moreover, it follows 
from the Jacobi identity for the Lie bracket in C{P) that [(X, V), [(X, V), (X, V)]] = 0, i.e., 

[V,J(V)]-J(V)oX = 0, (16) 

which is a higher version of the Bianchi identity. 
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In terms of the components of V, the curvature is given by formulas 

+ E E (-)'^«(^'OV(C.(i),...,C.«|V(e.(.+i),...,C<.(»+,)b))- (17) 

i+j—k — l (T^Sij 

where x = 6t(i) H K 67(2), and | = (^1, . . . ,Cfe-i) e L, p e P. 

The morphism 77^ of Proposition [TU] maps (X, V) to a degree 1, Sym^(i, A)-module derivation 
D^ = DY + D2 + ■ ■ ■ of Syni^(L, P) with symbol D. In terms of anchors and brackets, D^ is given 
by the following formula 

- 22 (^)""('^'^)^(^(^r(l), ■ • ■ ,^r(fc)),^r(fe+l),- • ■ ,^r(fc+<'-l)), (18) 
reSk.i-i 

where %' = f^(C(T(i) + ■ ■ ■ + Ccr(/£-i))i ^ is an P- valued ^-form, and ^i, . . . , S,k+e-i E L. In view of Remark 
[HI the left {A, L)-connection V in P is actually equivalent to D^ and it is flat iff J^ := ^[D^,D^] = 
0. Notice that the symbol of J'^ vanishes identically, i.e., J'^ is a degree 2, Sym^(L, yl)-linear 
endomorphism of Sym^(L, P). In terms of the components of the curvature, J^ = J^ + J^ + • • • is 
given by formulas 

Jfe^(f})(6,...,a+^-i) :- Y. (")'^"«('^;0^(V)(^.(i),...,^.(fc-i)|r!(e.(fc),...,^.(fc+,_i))), 

where x" = ^(Ct(i) H 1- Co-(fc-i)), ^ is an P-valued £-form, and ^i, . . . , Cfc+£-i e L. 

Let P be a left (A, L)-module with structure (flat) left connection V. 

Definition 24. The pair {Syuij^{L,P),D^) is the Chevalley-Eilenberg DG module of P, and it is 
denoted byCEiP). 

Notice that the projection 

CE(P)— >(P,Vi) 
is a morphism of DG modules over (|15p . 

Example 25. Let £ be a non-graded Lie algebroid over a non-graded smooth manifold M , and y 
a graded vector bundle over M . Denote by fl{£) the graded algebra of sections of the exterior bun- 
dle A*£*, and by fl{£,y) the fl{£)-module of sections of the vector bundle A*£* >S>m 3^- The pair 
(C°°(M),r(f)) is a non-graded Lie-Rinehart algebra and (A, L) := {C°°{M),T{E)[1]) is an LPoo[l] 
algebra whose structure multiderivation has only a two entry component. Representations up to ho- 
motopy of E ^ provide examples of left {A, L) -modules. Recall that a representation up to homotopy 
is, by definition, a vector bundle y equipped with a degree 1, D,(E)-module homological derivation of 
fl(E,y) subordinate to the Chevalley-Eilenberg differential in n{E) (Definition 3.1 in \1\). Clearly, 
fl(E) ~ Sym^(i, A) and ^{E, y) ~ Sym^(L, r(3^)). Moreover L is a projective and finitely generated 
A-module. Therefore, a representation up to homotopy is equivalent to a left {A, L)-module. R turns 
out that a good definition of adjoint representation of a Lie algebroid can be given in the setting of 
representations up to homotopy. As for Lie algebras, cohomologies of the adjoint representation control 
deformations of the Lie algebroid [5| . It would be interesting to explore the problem of finding a good 
definition of adjoint representation of an Loo algebroid (over a possibly graded manifold) or even of 
adjoint representation of an SH LR algebra. 
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5.1. Higher Left Schouten-Nijenhuis Calculus. Cartan calculus on a smooth manifold is the 
calculus of vector fields and differential forms. Schouten-Nijenhuis calculus is the calculus of (skew- 
symmetric) multivector fields and differential forms. The latter consists of some identities involving 
the Schouten-Nijenhuis bracket, the insertion of multivectors into differential forms, and the exterior 
derivative. Namely, let «„ be the insertion of a multivector u into differential forms. The Lie derivative 
along u is the operator Lu '■= [iu, d], where d is the exterior derivative. Denote by [u, w]sn the Schouten- 
Nijenhuis bracket of multivectors u,v. The following identity holds 

[[d,iu],iv] = "{-THu.vU^ (19) 

u,v multivectors. Moreover, from (|19p . and the definition of the Lie derivative, it follows immediately 
that 

[Lu,Ly] = L[„,i,]^„, (20) 

-Lilly = i[n,D]a„ ~ (~) iy-Lu, (-^Ij 

Lyy ^= lu-Lly + ( — ) Lyly. (22) 

The above identities can be generalized as follows. Replace ordinary differential forms with differential 
forms with values in a vector bundle equipped with a connection. Replace d with the Chevalley- 
Eilenberg operator of the connection. All the above identities remain valid except (j20p which gains 
a right hand side depending on the curvature of the connection. Finally, Schouten-Nijenhuis calculus 
can be easily extended to Lie algebroids (actually, LR algebras) more general than the tangent bundle. 
In this section, I generalize further to SH LR algebras and left connections along them. Higher derived 
brackets [33 ES] play here a key role. 

Let {A, L) be an LRoo[l\ algebra with structure multiderivation X. Recall that X determines, via 
Proposition [9l a Poo algebra structure A on S\L, i.e., a multiderivation A = Ai -I- A2 -I- • • • such that 
[A, A] = 0. In particular, A is an Loo[l] algebra structure on S\L. In other words, {K,S^L) is an 
I/i?oo[l] algebra. In this section I will adopt this interpretation. In the following denote 

{ui,. ..,Ufe} := A(Mi,...,Mfe), ui,...,Ufe e S'^L, fc e N. 

Consider an ^-module P with a left (^, L)-connection V, and the corresponding Sym^(L, A)-module 
derivation D^ = Df + Dj + ■ ■ ■ of Sym^(L, P). 

Recall that, if B is an associative, graded commutative, unital algebra and P is a P-module, a 
differential operator of order A: in P is a K-lineaT map D : P — > R such that 

[• • • [p, 61], ^2] • • • , bk+i] = 0, 61, ... , hk+i e P, 

where the fo^'s are interpreted as multiplication operators P — > P, p 1 — > bip. 

Proposition 26. For all ui, . . . ,Uk G S\L, 

[■■■[[Dj,iui],iu2]--- ,««J = -(-)''«{ui,...,u,} (23) 

in particular, ZJj is a differential operator of order k in the S\L-module Sym^(P,P). 

Proof. First of all, notice that, since [ijj,ii,] = for all tensors u,z;, then ([231) implies that Dj is a 
differential operator of order k. Now I prove ([23)) . Suppose, preliminarly, that identity (|23p is true 
when ui,...,Ufe are either from A or from L. Now, let Ui € SJ^L, i — l,...,k. Since [i„^,P] = 
iii[iy,V] + {~)'"''^[iu,T>]iy, for all symmetric tensors u,v and all graded iiT-linear endomorphisms T) of 
Sym^ (Z/,P), the general assertion ([23]) follows from an easy induction on the £i. It remains to prove 
(|23p when ui, . . . ,Uk are either or 1-tensors. 

Put I(mi, . . . , Uk) '■= [■ ■ ■ [[DJ ,iui],'i'U2] ■ ■ ■ J *«t]- Since [z„, iy] = for all tensors u, v, then, in view 
of the Jacobi identity for the graded commutator, X is graded symmetric in its arguments. Moreover, 
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it vanishes whenever two arguments are from A. Now. let a E A, and let ^i, . . . ,^k-i G L. It is easy 
to see that 

I{a,^i,...,^k-i) = -(-)''Ma,6,...,«fc-i}- 
Finally, I have to show that 

2:(ei,...,a) = -(-)'*{6....,e.}' a,.-.,aei- 

Notice that X(^i,...,^fc) is an ^-linear endomorphism of Sym^(i,P), and, for fl an j'-form, 
X(^i, . . . , ^/c)(^) is an (r — l)-form. Thus, I have to show that 

x(ei, . . . ,a)(f^)(Ci, . . • , c-i) = -(-)'=(zte....,c,}f^)(Ci, . • . , c.-i), (24) 

for all U and all (^i, ... ,C,r ^ L. For ?■ = both sides of ([2^ vanish. Now, let r > 0. Since both sides 
of (j24[) are graded symmetric in ^i , . . . , ^^ on one side, and in Ci , . . . , Cr on the other side, it is enough 
to consider the case when ^i — ■ ■ ■ — £,k = £,, Ci = ' ' ' = Cr — C^ and ^ and ^ are even. Thus, put 

m times 

and similarly for ("• Compute 

i{e){n){c-') = J2i-)'''0ih''d^^in){c-'), (25) 

distinguishing the following two cases. 

Case I : fc < r. A straightforward computation shows that the right hand side of ([25]) is 

k i 

EE(-)'"'C)(ti')(ri)v.(e'="\c-'i^(r,c'-'=+^)) 

k i 

i=\ j=0 
k 

+ E(-)' © (ri) v/c(e'-\ c~'Mc,c-i) i-fme}, c-') 

Now, 

if e = 1 ■ 
Substituting above, one gets 

i(e')(f^)(C-') = -(-)'(He}")(C"')- 



Yyy^^^-\ \ lM\- (26) 
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Case II: k > r. The right hand side of (|25p is 

EE(-)'"'■(■)(;)(^l)v.(e'=-^c-^l^(^,r~'=+^)) 

k r 

+ E E(-)'"-''(')Q(rDVfc(e'-\c-'if^(r,c'-'+')) 

-i— r+l J — 1 
i=0 i=0 

- E E(-)''+'"■'■(■)(■)^7')^(u'"^c}>c,c'-'-^) 

i=r+l j=0 
k 

+E(-)'(')(ri)v^(^'"'''C"'i^(r,c")), 

and, using again (pS)) . one gets 

r 

i(c')(^)(r-') = -E(-)'(')(ri')Vfc(^'-\c-N^(r,r"'+*)) 
1=1 
fc 

- E (-)'(■) (ri)Vfc(e'-\c-'i^(r,r-'+')) 



A,' 



+E(-)'(')(^l>fc(e'"^C"'l^(e^c'-^)) 

i=l 



n 



Identity (j23p is a homotopy version of identity (|19p . Now I define a ^^homotopy Lie derivative" 
and prove homotopy versions of identities ([201) . (PTj) . and ([2^ . For Mi,...,Ufc_i G S^L, and i7 G 
Sym^(L,F), put 

iJK, . . . , wfc^iir!) := -(-)'=[. • • [[i^,^,i„j, z„,] • . • , i^,_,]n. 

Theorem 27. T/ie sum L^ := i^+L2' + - ■ ■ is a {K, S\L)- connection in Syin^(i, P) whose curvature 
J{L^) is given by 

J(L^)(wi, . . . , Uk-i\n) = -(-)^[. . • [[Jfe^, z„J, z„J • • • , i„,_ ja (27) 

Moreoiier 

L'^(ui,...,Ufc-i|i«i^) = i{ui,...,ufc-i,«}^ + (-)'^J«i'^(ui,---,Ufc-i|i^) (28) 

where x — u{ui + • • ■ + Sfc-i + 1), o,nd 

L^ {uui,U2, . ■ . ,Uk^i\n) = (-)"i„i^(wi,...,Mfc-i|^) + {-)^ L"^ {u,U2, ■ . ■ ,Uk-i\iui^) (29) 

where x' — Ui{u2 + • • • + Uk-i), for all tensors u, ui, . . . , Ufc, and all P -valued forms fl. 

Proof. Formula P7)) is a straightforward consequence of Lemma 4.2 of [33]. Formula (P5|) immediately 
follows from Proposition [511 Formula (|^^ is a consequence of the Leibniz formula for the graded 
commutator. D 
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Corollary 28. Let W be a left (A, L)- connection in P. IfV is flat, then L^ equips Syin^{L, P) with 
the structure of a left -Loo[l] module over the Loo[^] algebra S\L. If, in addition, L is projective and 
finitely generated, then the converse is also true. 

5.2. Operations with Left Connections. Let {A,L) be an LRao[l] algebra. Standard connections 
induce connections on tensor products and homomorphisms. The same is true for {A, L)-connections. 
Namely, let P and P' be A-modules with left (A, L)-connections V and V, respectively. It is easy to 
see that formulas 

V® (a, . . . , 6-1 b ® p') := v(ei, . . . , 6-1 \p) ^p' + i-r^^P ® v'(6, . . . , 6-1 bo, 

where x = (Ci + ' ' " + £,k-i)p, define a left (^, L)-connection V® in P ^a P' ■ A straightforward 
coiuputation shows that the curvature J(V®) is given by formulas 

j(v®)(6, . . . ,6-i|p® P') - J(v)(6, • • . ,6-ib) ®P' + (-)'^P® J(v')(6, . • • ,&-ib')- 

In particular, if V and V' are flat, then V® is fiat as well. 
Similarly, formulas 



yHoni 



(a, . . . , 6-i|^)(p) := V'(6, . . . , 6-i|^(p)) - (-)^'+V(V(ei, . . . , 6-i|p)), 



where x' — (Ci + ' ' ' + £,k-i)'P, define a left {A, L)-connection V^°'" in HomA(P, P'). A straightforward 
computation shows that the curvature J(V ) is given by formulas 

j(vH°-)(a, . . . ,6-ii^)b) :- J(v)(6, • . • ,6-ii^b)) - (-)'^V(J(v')(a, . • . ,6-ib)). 

In particular, if V and V' are flat, then \/^°™ is flat as well. 

Remark 29. Recall that the connections V and V' determine Synij^{L, A)-module derivations D^ , 
and D^ on Sym^(L,P), and Sym^(L,P') respectively, both with the same symbol D. Therefore they 
also determine a Sym j^{L, A) -module derivation in the tensor product 

T:=Sym^(L,P) ® Sym^ (L,P'), 

Sym^(L,A) 

with symbol equal to D. If L is projective and finitely generated, then T ~ Sym^(_L, P (g) P') and a 
derivation of T (with symbol D) is the same as a lefl connection in P ® P' . It is easy to see that the 
connection in P ® P' obtained in this way is precisely V* . 

Remark 30. Let P be an A-module with a left {A, L)- connection V. There is an induced left {A,L)- 
connection V^"'^ in End^P. In its turn, V^"'^ determines a derivation D^ of End a P -valued forms. 
On the other hand, in view of Remark \2Sl the curvature J(V) o/ V is an EndAP -valued form and 

D^^"' J(V) = V^"'^ o J(V) - J(V) oX^[V, J(V)] - ./(V) o X = 0, 

where I used the Bianchi identitv \lb\ 

5.3. Actions of SH LR Algebras. A Lie algebra may act on a manifold. The action is then 
encoded by an transformation (or, action) Lie algebroid. More generally, a Lie algebroid may act on 
a fibered manifolds over the same base manifold. The action is again encoded by a transformation Lie 
algebroid [lOj. The algebraic counterpart of a fibered manifold is an algebra extension. Accordingly, 
LR algebras may act on algebra extensions, and the action is encoded by a new LR algebra. On the 
other hand. Poo algebras may act on graded manifolds [2^. In this section, I show how to generalize 
simultaneously actions of Lie algebroids (on fibered manifolds) and actions of Poo algebras (on graded 
manifolds) to actions of SH LR algebras on graded algebra extensions. I also describe the analogue of 
the transformation Lie algebroid in this context. 
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Let {A^ L) be an L_Roo[l] algebra with structure niultiderivation X, and A an associative, graded 
commutative, unital ^-algebra, i.e., a graded algebra extension A C A. In particular, A is an A- 
module. Of special interest are left (A, L)-connections V in A, which take values in derivations of A 
(recall that a general connection takes values in A-module derivations of A., which are more general 
operators than algebra derivations). 

Definition 31. A pre-action of the ii?oc[l] algebra {A, L) on A is a left (A, L)- connection \I on A 
which takes values in algebra derivations of A, i.e., for all ^i,. . . ,S,k-i G L, and f,gEA 

Vfc(a, • • • , Cfe-ii/.9) - Vfc(6, . . . , a~ii/) 9 + i-r^'^ki^i, • • • , a^ii.9) /• 

A fiat pre-action is an action. 

Remark 32. An associative, graded commutative, unital A-algebra with an action V of {A, L) is, in 
particular, a DG algebra (just forget about all the structure maps Vfc except the first one). 

Example 33. Let \7 be a left {A, L)-connection in a left A-module P. The induced {A, L)- connections 
in S\P and Sym^(P, A) are obviously pre-actions, and they are actions ifV is flat (see Section [57^) . 
Pre-actions on S\P induced by left (A, L)- connections in P are characterized by the condition that 
the derivations V(^i, . . . , ffc_i) restrict to P. Similarly, if P is a projective and finitely generated 
A-module, pre-actions on Sym^(P, A) induced by left (A, L)- connections in P are characterized by 
the condition that the derivations V(^i, . . . , ^fc_i) restrict to P* := Hom^(P, A). Indeed, under the 
regularity hypothesis on P, one has Sym^(P, A) ~ S\P* and, since P ~ p** ^ i^j^ (A, L)-connections 
in P are equivalent to left (A, L)- connections in P* . 

Example 34. Let A be the graded algebra of smooth functions on a graded manifold A4 and L be the 
module of sections of a graded vector bundle £ over A4. Moreover, let A be the A-algebra of smooth 
functions on a graded manifold T which is fibered over Ai. As already remarked, an Li?oo[l] algebra 
structure in L is the same as a homological vector field D on £ tangent to the zero section. Moreover, 
the Sym^(L, A)-algebra Sym^(L, A) identifies with the module of fiber-wise polynomial functions on the 
total space £ x^vi J^ of the induced bundle tt : £ Xm ^ — 'f ^- Iit- their turn, derivations o/Sym^(L, A) 
identify with vector fields on £ x^T . Therefore, a pre-action V of {A, L) on A is the same as a vector 
field D^ on £ X M ^ which is tt -related to D. Moreover, V is an action iff D^ is a homological vector 
field. Now, let M. — {*} be a point. Then A — M. and L is just an ioo[l] algebra. Moreover, £ is just 
a graded manifold and the notion of action of (A, L) on A reduces to the notion of action of an L^a [1] 
algebra on a graded manifold proposed by Mehta and Zambon \21\. 

A special situation is when J- is a vector bundle over A4. In this case, A — S^T{J-)* (up to smooth 
completion^, and an (A, L)- connection in T(J-) determines a pre-action of {A,L) on A. It is easy to 
see that pre-actions on A of this form are characterized by the condition that the vector field D^ is 
fiber-wise linear with respect to the vector bundle projection t: : £ Xm J- — > £. 

Proposition 35. The following data are equivalent: 

(1) a pre-action of [A, L) on A, 

(2) a degree 1 derivation of the algebra Sym^(L,^) which agrees with D on Syni^(L,yl), 

(3) an A-module multiderivation of A® a L which agrees with X on {A,L). 

Proof. It is straightforward to check that (1) <^==> (2): the derivation of Sym^(L, A) corresponding to 
a pre-action V is just D^ . Now, notice that an ^-module multiderivation Y = (F, cty) of A® a L is 
completely determined by restrictions of Y and cry to generators, i.e., elements of L. If Y agrees with 
X on {A, L) then the restrictions aY ■ L x ■ ■ ■ x L — > DeiA of the symbol determine a pre-action of 
{A, L) on A. Conversely, the structure maps V : L x ■ ■ ■ x L — > Dcr^ of a pre-action can be extended 
to maps 

a : {A®L)x ■■■ X {A®L) — > DerA 
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by ^-linearity. Hence, X can be extended to an ^-module multiderivation Y of ^ (E>a L demanding 
that a is its symbol. D 

Corollary 36. The following data are equivalent 

(1) an action of {A, L) on A, 

(2) a degree 1 homological derivation of the algebra Sym^(L,^) which agrees with D on 
Sym^(L, A), 

(3) an Li?oo[l] algebra structure on {A,A(i<)A L) which agrees with X on {A,L). 

Let V be an action of [A, L) on A. In view of Proposition |3S1 the Chevalley-Eilenberg DG module 
CE(^) of A is actually a DG algebra. On the other hand, the Ghevalley-Eilenberg DG algebra of 
{A, A (E)A L) is 

CE(^, A®aL)^ (Sym_4(^ ®A L, A), D) :^ (Sym^(L, A), D^) = CE(^), (30) 

i.e., it is canonically isomorphic to the the Chevalley-Eilenberg DG module of A. In particular, there 
is an obvious sequence of DG algebras (and A-modules) 

CE(A, L) — > CE(^) -^ {A, Vi). (31) 

Remark 37. The A-algebra isomorphism Sym^(^ ^a L,A) ~ Sym^(L,^) provides an alternative 
proof of the equivalence of data (2) and (3) in Proposition \85\ in the case when L is projective and 
finitely generated. Indeed, in this case, A ®a L is a projective and finitely generated A-module and a 
derivation of SyuYj^{A®A L,A) is equivalent to an A-module multiderivation of A®a L. 

In view of the following example, it is natural to call transformation Li?oo[l] algebra the LRoo[\] 
algebra [A^ A ®a L) corresponding to an action of [A, L) on A via Corollary [321 

Example 38. Let A be the graded algebra of smooth functions on a graded manifold A4 and L be the 
module of sections of a graded vector bundle £ over M. Moreover, let A be the A-algebra of smooth 
functions on a graded manifold T which is fibered over M. , and let V be an action of [A, L) on A. 
Notice that the A-module A(!^a L is the module of sections of the induced bundle ^ : £ Xj^J^ — ;► T. It 
is easy to see that the vector field D^ is tangent to the zero section of ^. This shows that £ Xj^J- has 
the structure of an ioo[l] algebroid over J- . I call any such Loo[l] algebroid a transformation Loo[l] 
algebroid and denote it by £ x m J' ■ The transformation Loo[l] algebroid £ Xj^T fits into the sequence 
of Q -manifolds (and bundles over AA) 

{T,Vi)^{£xmJ',D^)^{£,D), (32) 

where the first arrow is the zero section. Sequence i3S\} is the geometric counterpart of Sequence iSl]) 
and generalizes Sequence (7) of [27] . 

6. Right SH LR Connections 
Let {A, L) be an LRoo[l] algebra with structure multiderivation X, and Q an A-module. 

Definition 39. A right {A, i)-connection in Q is a degree I, DevP -valued form A, such that (X, A) S 
TZiP). The Bei" P-valued form J(A) := A o X - i[A, A] is the curvature of A. A right {A,L)- 
connection is flat if the curvature vanishes identically. An A-module with aflat right (A, L)- connection 
is a right {A, L)-module. 

Remark 40. The curvature J(A) of a right {A, L) -connection is the second component of the com- 
mutator 

i[(X,A),(X,A)] = (J(X),J(A)) 
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whose first entry vanishes identically. Accordingly, the symbol of J{A)(^i, . . . ,^k~i) vanishes identi- 
cally, for all ^i, ... , ^fe-i (z L, k £ N, i.e., J(A) takes values in End^P. Moreover, it follows from the 
Jacobi identity for the Lie bracket in TZ{P) that [(X, A), [(X, A), (X, A)]] = 0, i.e., 

[A,J(A)] + J(A)oX = 0, (33) 

which is a higher right Bianchi identity. 

In terms of the components of A, the curvature is given by formulas 

i^j—k — 1 a^Sij 

- J2 Yl (-)^"('^'^)^(^<T(i)'---'C<Tw|A(^<,(i+i),...,C^(,+j)|g)), 

i'\-j—k—l (T^Si j 

(34) 

where x = C<t(i) + ■ ■ ■ + ^a-{i)i ^-nd ^ = (^i, . . . , ^fe-i) £ L, q £ P. Notice the minus sign in front of the 
second summand of the right hand side of (p4)) , in contrast with Formula (fT7|) . 

The morphism 77^ of Proposition [TT] maps (X, A) to a degree 1, Sym^(iy, A)-module derivation 
D^ = D^ + D2 + ■ ■ ■ of S\L (Si A Q with symbol D. In terms of anchors and brackets, D^ is given by 
the following formula 

X! (-)'^"('^>^)'^o-(i) •••C<T(£+fe-i) «> A(^^(£+fe),...,f^(£)|g) (35) 

where x = Ccr(i) + ••■ + £,a(e+k-i), ^i,---,^i G L, and q e Q. In view of Remark [T^l the right 
{A, L)-connection A is actually equivalent to D^ and it is flat iff J'^ := ^[D"^, D^] = 0. Notice that 
the symbol of J''^ vanishes identically, i.e., J^ is a degree 2, Sym^(L, A)-linear endomorphism of 
S\L Sa Q- In terms of the components of the curvature, JT"^ is given by formulas 

^i,. .. ,^i e L, and q G Q. 

6.1. Higher Right Schouten-Nijenhuis Calculus. A right linear connection in a vector bundle, 
i.e., a right connection along the LR algebra of vector fields, determines a "right version" of the standard 
Schouten-Nijenhuis calculus. Here, I present a homotopy generalization of it. 

Let (A, L) be an LRoo[l] algebra with structure multiderivation X. In this section I adopt the same 
notation as in Section 15.11 about the Poo algebra structure on S\L. Consider an A-module Q with a 

right (A, L)-connection A, and the corresponding Sym^(L,A)-module derivation D^ =£)^-|-_D^-| 

of SXL ®A Q- 

Proposition 41. The operator D^ is a differential operator of order k in the S^L-module S^L(SaQ- 
More precisely, 

[•••[[P'y,Ai«i],M«2]--- ,Ai«J =M{ui,...,n,.} (36) 

for all ui, . . . ,Uk+i e S\L. 

Proof. Suppose, preliminarly, that identity (j36p is true when ui, . . . ,Uk are either from A or from L. 
Now, let Ui e S^L, i = 1,. . . ,k. Since [P, /Lt„„] = [2?, /x„]/x„-|-(—)-^"/x„[r',/x„], for all symmetric tensors 
u,v and any graded /iT-linear endomorphism V oi Q (g)A S\L, the general assertion (|5S)) follows from 
an easy induction on the (.i. It remains to prove (|36[l when ui, . . . ,Uk are either or 1-tensors. 
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Put Miui,. .. ,Uk) ■■= [■ ■■[[D^,fJ'iLi],fJ'U2]- ■■ ,fJ'Uk]- Since [^lu, fJ-v] = for all u,v e S\L, then, 
in view of the Jacobi identity for the graded commutator, M. is graded symmetric in its arguments. 
Moreover, since D^ is a Sym^(L, A)-module derivation subordinate to _D, 7W vanishes whenever two 
arguments are from A. Indeed, let a, & G A. Then 

[[D^ , ^la], ^lb] = [[D^,ia]-,ib\ = 0. 
Now, let a G A, and let ^i, . . . , ^k-i G L. Using [/x^, i^] = —ii^uj for all forms ui it is easy to see that 

X(a,Ci, . . ■ ,?fe-i) = M{a,6,...,a-i}- 
Finally, I have to show that 

This follows from analogous straightforward computations as those in the proof of Proposition [^Hl □ 

For Ml, ... , Mfe-i G S\L, and U G S\L ^a Q, put 

R^{ux,...,Uk-\\U) := [••■[[i:'^,^„J,^„J •■• ,Ai«fc-i]f^- 
The following theorem can be proved exactly as Theorem B71 

Theorem 42. T/ie sura R^ :— Rf' + R^ + ■ ■ ■ is a right {K, S\L)- connection in S\L ^a Q whose 
curvature J{R ) is given by 

J(i?^)(wi, . . . ,^fe_i|C/) = [• ■ ■ [[J,^,MuJ,MuJ ■ ■ • , A*u,_jC/. (37) 

Moreover, 

R'^iui, ..., Uk^ilfiuU) = M{«i,...,«fc_i,«}C^ + i-)^fJ.uR^{ui, . . . , Uk-i\U), (38) 

where x = «(«! + • ■ • + Ufe_i + 1), and 

R^{UUI,U2,. ..,Uk-l\U) = (-)"/i„i?^(ui,.. .,Ufe_i|C/) + (-)^ i?^(u, M2.. .,Mfe-l|/iuiC^) 

where x' = Wi(u2 + • ■ ■ + Ufe-i), /or a// tensors u, ui, . . . , Ufe, anrf all U G 5"^^ ®a Q- 

Corollary 43. Let A be a right {A, L)-connection in Q. Then A is flat iff R equips S\L (S)a Q with 
the structure of a right ioo[l] module over the ioo[l] algebra S\L. 

6.2. Right [A^ L)-Module Structures on A. Let [A, L) be an ordinary Lie-Rinehart algebra. Then 
the exterior algebra A^L of L is equipped with a Gerstenhaber algebra structure. In |llj Huebschmann 
showed that a right {A, L)-module structure A on A determines the structure of a Batalin- Vilkovisky 
{BV) algebra on A\L. Recall that a BV algebra is an associative, graded commutative, unital algebra 
B equipped with a degree 1, second order differential operator D : B — >■ B such that Dl = 0, and 
D^ = 0, and the Gerstenhaber bracket determined by D via the derived bracket formula 

[61,62]:= [□,&!], 62]1, 61,62 GB. 

In [TT] Huebschmann showed that the Rinehart operator D^ associated to a right (A, L)-module 
structure A on A generates the Gerstenhaber bracket [ • , • ] of A^L in the sense that {A\L, D^, [ • , • ]) 
is a BV algebra. Huebschmann's result has a homotopy analogue. To show this, I first recall a 
homotopy analogue of a BV algebra. Let ^ be an associative, graded commutative, unital algebra 
and D : ^ — > £§ any degree 1, iiT- linear map. Define operations in ^ via the higher derived bracket 
formulas [^[55] 

Afc(ui,M2,.. .,-"*:) = [••• [[n,Ui],U2] ••• ,Ufc]l, fc G N. (39) 

The Afc are graded symmetric. In [2| it was proved for the first time that, when Dl = and D^ = 0, 
the Afc equips 3§ with the structure of an Loo [1] algebra. Actually, in view of the Jacobi identity for 
the graded commutator, the A^'s are multiderivations. So, if one puts A = Ai + A2 + • ■ • , then {£§, A) 
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is a Poo algebra. If D is, in particular, a differential operator of order 2, then A3 = A4 = • • • = 0, and 
(^, D, A2) is a BV algebra. In the general case, Kravchenko gives in [55] the following 

Definition 44. A BVao algebra is an associative, graded commutative, unital algebra ^ equipped with 
a degree 1, K -linear operator D : 3§ — >■ £§ such that Dl = and D^ = 0, and the Poo algebra structure 

A = Ai + A2 + ■ • • given by 



A flat right [A, i)-connection A in A determines a BVoo algebra structure on S\L as follows. 
Applying identity ([551 to the element 1 G S\L, one gets 

{Ml,...,Ufc} = [■■■[[D^,iiui\,tJ^U2\--- ,A*«Jl- 

Proposition 45. The triple {S\L,D^,A) is a BVaa algebra. 

Proof. It is enough to prove that 

[■■■[[D^,Ui],U2] ■■■ ,Ufc]l = [■■■[[D^,^iu^],^iu^] ■■■ ,M«J1, 

for all k. Since D'^ is a differential operator of order j f Proposition [55)) . [• • • \\D^ , M«i]i l^u^] ' ■ ■ 1 Mufc] = 

for j < k. A direct check shows that, in addition, [• • • [[Df, M«i], A'«2] ' ■ ■ 1 Mmi-]! — for J > k. D 

7. Derivative Representations up to Homotopy 

As recalled in Section [531 a Lie algebra may act on a manifold. More generally, a Lie algebra g may 
act on a vector bundle E — > M by infinitesimal vector bundle automorphisms (not necessarily base- 
preserving). Following Kosmann-Schwarzbach [18| . I call such an action a derivative representation 
of Q. A derivative representation of q determines an action of g on M. Kosmann-Schwarzabach 
and Mackenzie showed that derivative representations of g inducing the same action on the base are 
equivalent to representations of the transformation Lie algebroid g\K M [19\ . They also define derivative 
representations of Lie algebroids and prove an analogous result in this general context. In this section, 

1 show how to generalize the notion of derivative representation of a Lie algebroid [19J to the general 
context of SH LR algebras and prove a general version of the Kosmann-Schwarzbach and Mackenzie 
theorem. Moreover, I define right derivative representations and extend the result to them. 

Let {A,L) be an Li?oo[l] algebra, and A be an associative, graded commutative, unital ^-algebra 
with a pre-action V of {A, L). Moreover, let "P be a graded, left ^-module. 

Definition 46. A left derivative pre-representation of {A^L) on V subordinate to V is a left {A,L)- 
connection V^ in V such that, for all ^i, ... , Cfe-i ^ ^; ^'^'^ A; G N, the pair 

(v^(a,...,efe-i),v(ei,...,a-i)) 

is an A-module derivation of V , i.e., 

v^(ei, . . . ,a-il/p) - (-)^/v^(Ci, ■ ■ • ,a-ib) + v(ei, . . . ,6-il/)p, 

where x — (Ci + ' ' ' + Cfe-i + 1)/; /o?" ol^ / G -^; o,i^d P ^ P ■ If V is an action, then V^ is a left 
derivative representation if it is flat. 

With a straightforward computation, one can check the following 

Proposition 47. Let V^ be a left {A, L)- connection in P. Then V^ is a left derivative pre- 
representation subordinate to V iff [D^ ,D^) is a left Symj^^{L, A)-niodule derivation o/Sym^(L,7-'). 

The following proposition generalizes the main result of [IQj. 

Proposition 48. Let V be an action. Left derivative pre-representations of (A, L) on P subordinate 
to V are equivalent to left {A, A® a L)- connections in P. 
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Proof. Let V possess a left derivative pre-representation of {A, L) subordinate to V. Extending the 
structure maps by ^-linearity, one gets a left {A, A ®a i)-connection. Conversely, let V possess a left 
(„4, A ®A L)-connection. Restricting the structure maps 

{A®AL)y.---y.{A®AL)y.V — > P 

to L X • ■ • X L X P one gets a left derivative pre-representation. D 

Let V be an action and V'^ be a left derivative representation of {A,L). Then V possesses both 
a flat left (A, i)-connection V'^ and a flat left {A,A®a i)-connection V''. Accordingly, in view 
of Proposition 271 two (a-priori different) Chevalley-Eilenberg DG modules can be associated to it. 
Namely, (Sym^(i, 'P),D'^ ) and {Sym_^{A®A L, 'P),D'^ ). It is easy two see that the two do actually 
identify under the canonical isomorphism 

Sym_4(^ (g)A L, V) ~ Sym^(i, V). 

Now, let Q be another graded ^-module. 

Definition 49. A right derivative pre-representation of [A^ L) on Q subordinate to V is a right 
{A, L)- connection A^ in Q such that, for all ^i, . . . ,Ca;-i G L, and fc G N, the pair 

(A2(6,...,a-i),-V(ei,...,a-i)) 
is an A-module derivation of Q, i.e., 

A2(a, . . . , a-ii/p) = (-)\/A^(a, . • • , a-ib) - v(a, . . . , a-ii/)p , 

for all f £ A, and q ^ Q. If V is an action, then A^ is a right derivative representation if it is flat. 

With a straightforward computation, one can check the following 

Proposition 50. Let A^ be a right {A, L)- connection in Q. Then A^ is a right derivative pre- 
representation subordinate to V iff {D ,D^) is a Sym j^{L, A) -module derivation of Q®a S\L. 

Proposition 51. Let V be an action. Right derivative pre-representations of {A, L) on Q subordinate 
to V are equivalent to right {A,A(>S)a L)- connections in Q. 

Proof. Let Q possess a right derivative pre-representation of {A,L) subordinate to V. Extending the 
structure maps by ^-linearity, one gets a right {A, A (8)a i)-connection. Conversely, let Q possess a 
right {A, A (g>A i)-connection. Restricting the structure maps 

{AiS>aL) X ■■■ X {A«iaL) X Q — > Q 

to L X ■ ■ ■ X L X Q one gets a right derivative pre-representation. D 

Finally, Let V be an action and A^ be a right derivative representation of {A, L). Then Q possesses 
both a flat right (A, L)-connection A^ and a flat right {A,A®a L)-connection A^. Accordingly, in 
view of Proposition [SOI two (a-priori different) DG modules can be associated to it along the lines of 
Sectionini Namely, {S\L ®a Q, D^'^) and {S\{A ®a L) ®a Q, D^'^). It is easy two see that the two 
do actually identify under the canonical isomorphism 



S\{A ®A L)®aQ- S\L ®a Q- 
Acknowledgments. I thank Jim Stasheff, for carefully reading all preliminary versions of this paper. 
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Appendix A. Graded Symmetric Forms and Tensors 

Let A be a graded, associative, graded comniutative, unital algebra over a field K of zero character- 
istic, and L a graded A-module. 

Consider the space Sym^(L,A) of ^-multilinear, graded symmetric maps L^^ — > A. Ele- 
ments in Sym^(L,A) will be called symmetric k-form,s (on L), or simply k-forms. The direct sum 
Sym^(L, A) := 0j,>q Sym^(L, A) is a bi-graded algebra, and an associative, graded commutative, 
unital algebra with product given by 



X = ^'{L{i) H H Lik)), ^ a fc-form, uj' a fc'-form, and ^i, . . .,^k+k' e L. 

Consider also the fc-th symmetric power S\L of L. Elements in Sj^L will be called sym,metric k- 
tensors (on i), or simply k-tensors. The symmetric algebra S^L — ®j,>q S\L is a bi-graded algebra, 
and an associative, graded commutative, unital algebra with product given by the graded symmetric 
(tensor) product. 

Let P be another A-module. Consider the space Sym^(L, P) of graded, graded A- multilinear, graded 
symmetric, maps L^'^ — > P. Elements in Symj^{L, P) will be called symm,etric P-valued k-form,s, 
or simply P-valued k-forms. The direct sum Sym^(L, P) := ®fc>o Sym^(L, P) is a bi-graded A- 
module, and a left Sym^(i, A)-module with structure map written (w,i7) i — > f^u^, and given by 
the same formula as (IM)) . The space Sym^(i,P) is also a 5^P-module with structure map written 
(u, n) I — > Jti^, and given by 

(i„f])(a, . . ■,^i-k) ■■= i-r^'^ici, • • . , a,ei, • • ■ ,C£-fc), (41) 

u = Ci ■ • ■ Cfc a fc-tensor, Ci, . . . , C^ e L, and i7 an P-valued fc-form. 

Now, let Q be a third A-module. The tensor product Q (S^a S\L is a Sym^(i, A)-module with 
structure map (a;, U) i — > i^jU given by 



o-GS, 



kd- 



X' = w(^o.(i) H 't^a{k)), ^ a fc-form, U = q®S,i---it £ Q^aS^^L, qeQ, £,i,...,^e e L. The space 

SaL ^a Q is also a S'^L-module with obvious structure map written (u, U) i — > l^-uU. 

Remark 52. Let u be a k-tensor, and let uj he a k-form. If we understand Sym^(i,P) as a module 
over SyuiAiL, A) (resp., S\L), theniu (resp., fj,i^) is a differential operator of order k. Similarly, if we 
understand Q >S>a S^L as a module over Symy^(P, A) (resp., S^L), then /i„ (resp., i^) is a differential 
operator of order k. 

Now, let A be an associative, graded commutative, unital A-algebra, and let V and Q be ^-modules. 
Li particular, they are A-modules. Clearly, 5^P ®a A is an Sym^(i, A)-algebra. Moreover, Formula 
(j40p defines an Sym^(P, A)-algebra structure on Sym^(L, A). A similar formula defines a Sym^(i, A)- 
module structure on Sym^(P,P). Finally, Formula (|42| defines a Sym^(P, ^)-module structure on 
S'aL^aQ. 

Appendix B. Operations with Right Connections 

Right (A, L)-connections can be operated with left (A, P)-connections as follows. Let (P, V), and 
(P', V) be A-modules with left {A, L)-connections, and {Q, A), and {Q' , A') be right A-modules with 
right {A, L)-connections. It is easy to see that formulas 

A®(6,...,a-ik®9'):=-A(Ci,...,a-ik)®9'-(-)'^+«g0A'(Ci,...,efc-ik'), 
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where X = (Ci + ' ' ' + £,k-i)q, define a left {A, L)-connection A*^ in Q (E}a Q' (beware, left not right). 
A straightforward computation shows that the curvature of A® is given by formulas 

J(A®)(ei, . . .,^-119 ® q') = - J(A)(ei, . . .,^-119) ® g' - i-Vq ^ J(A')(ei, ■ • • ,a-ik')- 

In particular, if A and A' are flat, then A® is flat as well. 
Similarly, formulas 

AH°-(a, . . . , Ck-i \y^){q) ■■= (-)^'+v(A(a, • . • , ^k^i m - A'(ei, ■ • ■ , 6-i Hq)), 

where x' = (Ci + • • ■ + £,k-i)'f, deflne a left {A, L)-connection A^°™ in Hom^(Q, Q'). A straightforward 
computation shows that the curvature of A^°™ is given by formulas 

J(AH°-)(ei, . . . ,a-i|^)(g) :- (-)'^V(J(A)(ei, . . . ,a-ik)) - ^(A')(6, ■ • ■ ,a-i|<p('Z))- 

In particular, if A and A' are flat, then A^°™ is flat as well. 
Finally, formulas 

0(Ci, . . . , a-1 b ® q) ■■= {-f^y ® A(Ci, . . . , ik-i\q) - v(6, . . . , a-i b) ® q, 
0'(Ci, . . . , a-i\^){p) ■■= (-)'^'+^^(v(ei, . . . , a-ib)) + A(a, . . . , a-il^(p)), 

and 

0"(6, . • . , 6-i|'/')(<?) := -V(6, . . . , ^k-iMq)) ~ (-)'^'+V(A(Ci, . . . , Cfe-ik)), 
where i/j = (^i + • • • + ^f;,^i)p, and ■0' = ("^i + ' ' • + Cfc-i)<?, define right {A, L)-connections 0, 0', and 
0" in P (E)A Q, Hom^(P, Q), and Homyi(Q,P), respectively. The respective curvatures are given by 
formulas 

j(0)(a, ■ • .,6-11? ® q) ■■= i-fp ® '/(A)(a, • ■ • ,6-ik) - Ji^Mu- ■ .,6-11?) » g, 

J(0')(Ci, • • ■ ,efc-i|^)(p) := (-)'^V(J(V)(ei, . . . ,a-ib)) + J(A)(ei, . . . ,a-i|¥'(p)), 
and 

J(0")(6, ■ • ■ ,efe-i|^)(9) := ->/(V)(ei, . . ■,a-i\'p{q)) - (-)'^V(J(A)(ei, . . . ,6-ik)) 
The straightforward details are left to the reader. 

Remark 53. Let Q be an A-module with a right (A, L)- connection A. There is an induced left (A,L)- 
connection A^""^ in EndyiQ. In its turn, A^"'^ determines a derivation D of End aQ -valued forms 

over L. On the other hand, in view of Remark \40[ the curvature J(A) of A is an EndAQ -valued form 
(with infinitely many components with a definite number of entries) and 

Z?^''"V(A) = A^"'^ o J(A) - J(A) o X ^ -[A, J(A)] - J(V) o A = 0, 
where I used the right Bianchi identitu lScA 

Appendix C. Tables of Correspondences 

The constructions described in this paper generalize standard constructions on Lie algebroids in two 
direction: on one side in the direction of abstract algebra (Lie-Rinehart algebras, etc.), on another side 
in the direction of higher homotopy theory (Loo algebras, etc.). To make it manifest the correspondence 
between standard notions and notions in this paper, I record below three tables of correspondences. I 
hope this will help the reader in orienteering in the zoo of structures discussed in this paper. Notions 
with the same label (a Roman number I, II, III, . . . ) do correspond each other. I added a bibliographic 
reference to less standard notions, and I left an empty space where a notion is empty or, to my 
knowledge, has not been discussed in literature. The second column of Table |3] contains the general 
notions discussed in this paper. 
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Table 1. Lie Theory 





Standard 


Higher Homotopy 


I 


Lie algebra q 


L^ akebra q IMl 1231 


II 


— 


— 


III 


left representations 


Loo modules 23 


IV 


right representations 


— 


V 


Chevalley-Eilenberg differential 


homological vector field on ^[1] [6J 


VI 


— 


— 


VII 


linear Poisson structure on g* 


— 


VIII 


actions on manifolds 


actions on graded manifolds [271 


IX 


transformation Lie algebroid 


transformation Loo algebroid [27J 


X 


linear actions on vector bundles [18, 19 


— 


XI 


— 


— 



Table 2. Geometry: Lie Algebroids 





Standard 


Higher Homotopy 


I 


Lie algebroid E 


Loo algebroid E ^]3i 


II 


i?-connections 7 . 40J 


— 


III 


left representations 


— 


IV 


right representations [29, 26] 


— 


V 


homological vector field on E[l] 


Chevalley-Eilenberg differential [3T1 


VI 


Spencer operator 29, 21 


— 


VII 


fiber-wise linear Poisson structure on E* 


homotopy Poisson structure on E* [3] 


VIII 


actions on fibered manifolds 


— 


IX 


transformation Lie aleebroid [TDI 


— 


X 


linear actions on vector bundles [19J 


— 


XI 


right representations and BV structures i40J 


— 



Table 3. Algebra: Lie-Rinehart Algebras 





standard 


Higher Homotopy 


I 


Lie-Rinehart algebra {A, L) 


LRoo 1 algebra {A,L) (36, 15j, Def. [H]) 


II 


— 


(A.L)-connections (Dels. 1211 1391) 


III 


left modules 


left modules (Def. ^ 


IV 


right modules 


right modules (Def. W^ 


V 


Chevalley-Eilenberg algebra 


Chevalley-Eilenberg differential (36, 15j, Eqs. [HIIHl) 


VI 


Rinehart differential [30, 11, ;T^ 


Rinehart differential (Eq. [35|) 


VII 


Cerstenhaber structure on A\L [llj 


-Poo algebra structure on S\L (Sec. 14.11) 


VIII 


— 


actions on algebra extensions (Def. I3TD 


IX 


— 


transformation LRoo 1 algebra (Cor. 1361) 


X 


— 


derivative representations (Deis. |461 149|) 


XI 


right modules and BV structures |11J 


right modules and BVod structures (Prop. |45]) 
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